We study the matter power spectra in the viable f (R) gravity models with the dynamical background evolution and linear perturbation theory by using the CosmoMC package. We show that these viable f (R) models generally shorten the age of the universe and suppress the matter density fluctuation. We examine the allowed ranges of the model parameters and the constraints of the cosmological variables from the current observational data, and find that the dynamical evolution of ρ DE (z) plays an important role to constrain the neutrino masses. * hwyu@hunnu.edu.cn
I. INTRODUCTION
According to the recent cosmological observations, our universe is undergoing a late-time accelerating expansion phase, which can be realized by introducing a time independent vacuum energy, called dark energy, built in the ΛCDM model [1] . Although this standard model of cosmology fits well with the observational data, it fails to solve the cosmological constant problem, related to the hierarchy [2, 3] and coincidence [4] [5] [6] ones. These problems have motivated people to explore new theories beyond ΛCDM, such as those with the dynamical dark energy [7] . A typical model of such theories is to modify the standard general relativity (GR) by promoting the Ricci scalar of R in the Einstein-Hilbert action to an arbitrary function, i.e., f (R) [8] .
In this study, we concentrate on the viable f (R) gravity theories, which satisfy several conditions based on the theoretical and observational constraints [8] . Some of the typical viable f (R) gravity models have been discussed to fit the cosmological evolutions [9] . It has been shown that the viable f (R) gravity can perfectly describe the power spectrum of the matter density fluctuation [10] [11] [12] [13] [14] and the formation of the large scale structure (LSS) [15] [16] [17] [18] . To investigate the dynamical dark energy models, one needs to use the existing open-source programs. However, most of these programs are written with either the parametrization in term of the equation of state or the background evolution being the same as the ΛCDM model as used in Refs. [13, 14] . In this analysis, we would explore the allowed parameter spaces of the cosmological observables in the viable f (R) gravity models when the dynamical background evolution is taken into account. In particular, we will show that the allowed windows for the active neutrino masses are further constrained, indicating that the dynamical background is indeed important in these viable f (R) theories.
One of the useful program to examine the viable f (R) models is the Modification of Growth with Code for Anisotropies in the Microwave Background (MGCAMB) [19, 20] , in which the growth equations of the scalar perturbations and density fluctuations in the Newtonian gauge are modified. In addition, we take the dynamical background evolution of dark energy and test these viable models by using the Cosmological MonteCarlo (CosmoMC) [21] program together with the latest cosmological observational data.
The paper is organized as follows. In Sec. II, we review some basic concepts of the viable f (R) gravity models. In particular, we include the perturbation equations of the background evolution of these models. In Sec. III, we present our numerical results for the model parameters as well as constraints on the cosmological variables in the models. We give the conclusion in Sec. IV.
The action of f (R) gravity is to extend the Ricci scalar of R in the Einstein-Hilbert action to an arbitrary function, given by
where κ 2 = 8πG with G the Newton's constant, g is the determinant of the metric tensor g µν and S M is the action of the relativistic and non-relativistic matter. Varying the action of Eq. (1) with respect to g µν , we derive the modified Einstein equation [22] ,
where
operator, and T (M ) µν is the energy momentum tensor.
To describe the late-time dark energy problem, f (R) gravity has to satisfy several viable conditions [1, 23, 24] , including (i) a positive effective gravitational coupling, leading to f R > 0; (ii) a stable cosmological perturbation and a positivity of the gravitational wave for the scalar mode, causing to f RR > 0; (iii) an asymptotic behavior to the ΛCDM model in the large curvature region, i.e., f (R) → R − 2Λ at z ≫ 0; (iv) a late-time stable deSitter solution; and (v) a suitable chameleon mechanism that makes f (R) gravity passing the local system constraints. The models who meet with these five conditions are so-called viable f (R) gravity models. Note that, due to the viable condition (iv), the viable f (R) models approach to the ΛCDM model in the high redshift regime, allowing us to classify these models into two classes: the power law and exponential types [25] , corresponding to the two popular viable models: the Starobinsky [26] and exponential [27] [28] [29] [30] gravity ones, which have the explicit forms,
respectively, where λ i and n are the dimensionless model parameters, and R ch is the constant characteristic curvature in each model. At the high z region, we can see that f (R) → R − λR ch , which plays the role of the cosmological constant and has the same order of magnitude as the dark energy density at the present time, leading to R ch ∼ Λ obs /λ, where
DE is defined from the current value of the dark energy density. As a result, a smaller R ch is required for a bigger λ to fit the observations, resulting in a relatively larger value of R/R ch . Clearly, f (R) gravity approaches the ΛCDM model when λ ≫ 1 and
B. Cosmological evolution
We describe the universe by using the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric,
where a(t) is the scale factor. By introducing this metric into the modified Einstein field equation in Eq. (2), we obtain the modified Friedmann equations,
where the dot represents the derivative with respect to the cosmic time t, H ≡ȧ/a is the Hubble parameter, and ρ M = ρ r + ρ m (P M = P r + P m ) is the energy density (pressure) of relativistic (r) and non-relativistic (m) fluids. Comparing to the original Friedmann equations of
the effective energy density and pressure of dark energy can be defined by
respectively, which are easily checked to satisfy the continuity equation,
DE as functions of the redshift z with ρ Following the same processes in Refs. [31, 32] , Eqs. (6) and (7) can be reduced to a second order differential equation,
with
and
m is the energy density ratio between relativistic and non-relativistic fluids at present time. Here, the prime in Eq. (12) denotes the derivative with respect to ln a.
In Fig. 1 , we illustrate the evolutions of the dark energy densities as functions of the redshift z by solving Eq. (12) Table. II, respectively. One can observe that the evolutions of ρ DE for the two viable f (R) models are frozen in the high redshift regime, and start to evolve at the late-time of the universe. The dynamical behaviors become important for z 4 and 2 in the Starobinsky and exponential models, respectively. The dark energy density increases in time at the beginning and decreases when the redshift close to zero, i.e.
DE , which covers the dark energy dominated epoch. As a result, we obtain 
where we have used
as the age of the universe. Note that the bigger t age is, the longer time the LSS of the universe has to grow. From Eqs. (17) , so that the dynamical background evolutions in the viable f (R) gravity theories suppress the matter density fluctuations.
C. Linear perturbation theory
We review the linear perturbation theory with two scalar-mode perturbations, Ψ and Φ.
Following the similar processes in Refs. [33, 34] , the metric in the Newtonian gauge is
Substituting Eq. (21) into Eq. (2), the perturbation equations in the k space are given by,
resulting in
where k is the comoving wavenumber and (22) and (23) with v m = 0, given bÿ
Both the Starobinsky and exponential f (R) models have the conditions of 0 < f R < 1 and f RR > 0, implying that (i) the larger k is, the bigger µ(k, a) behaves, and (ii) µ(k, a) ≃ f −1 R > 1 at the super-horizon scale with k → 0, indicating that the matter density fluctuations are enhanced due to the scale independent and dependent factors of f
, respectively, the these models.
To simplify the calculations, the background evolution of the dark energy density is usually taken to be the same as that in the ΛCDM model, so that the Hubble parameter in Eq. (26) is approximately given by (27) with Ω (0) DE = Ω DE (z = 0), the constant ρ DE . It is clear that the f (R) gravity theory becomes the ΛCDM limit of f (R) = R − 2Λ at z ≫ 0, corresponding to µ = γ = 1. One can further see from Eq. (26) that the scale dependent µ(k, a) is bigger when k is larger, indicating that the growth of δ m at the sub-horizon scale is faster than that at the super-horizon. On the other hand, the massive neutrino suppresses the matter density fluctuation at the scale smaller than the free-streaming length [35] , which is opposite to the f (R) enhancement.
Thus, the allowed windows for the neutrino masses sum, Σm ν , in these f (R) gravity models can be broader than that in the ΛCDM one [36, 37] .
In Refs. [13, 36, 37] , the matter power spectrum of P (k) and the active neutrino masses were explored in the viable f (R) gravity models with the ΛCDM background evolution.
However, with the dynamical background, the Hubble parameter in Eq. (26) should be replaced by
and t age is shortened as well. Clearly, the behavior for P (k) and the constraint for Σm ν with ρ DE (z) = constant would be slightly different from those with the ΛCDM background one. We modify the dynamical background evolution ρ DE (z) in the MGCAMB program to study the difference between the viable f (R) and ΛCDM models. To achieve this goal, we calculate a lookup table for ρ DE (z), which is the evolution of the dark energy density with the boundary condition Ω
By using the interpolation method, the MGCAMB program is able to use the redshift dependent dark energy density, in which the Hubble parameter is evaluated from
Subsequently, δ m,r can be obtained with the dynamical background evolution.
The growth of δ m in the f (R) gravity model is suppressed due to the shorter t age , but enhanced at the linear perturbation level. To estimate which effect plays a more important role in the evolution history, the numerical calculation is used. In Starobinsky gravity models, respectively. We can see that the shorter value of t age in f (R) gravity is more important at the super-horizon scale, leading to ∆δ m < 0 for k 10 −3 , whereas the f (R) effect overcomes the suppression and ∆δ m turns into positive at a large k.
In addition, from Eqs. (17) - (19), we can estimate that the suppression for the Starobinsky model should be more significant than that for the exponential one, but this behavior is flipped by the scale independent effect from f (R) gravity, resulting in ∆δ 
III. CONSTRAINTS FROM COSMOLOGICAL OBSERVATIONS
We merge our version of MGCAMB into the CosmoMC package to extract the allowed windows for the cosmological parameters together with the latest cosmological observational data, including the Cosmic Microwave Background radiation (CMB) from Planck 2015 [38] , Baryon Acoustic Oscillations (BAO) from Baryon Oscillation Spectroscopic Survey (BOSS) [39] , and type Ia supernova from Supernova Legacy Survey (SNLS) [40] . The prior is listed in Table I, and our fitting results are shown in Table II . We illustrate the contour plots in the exponential and Starobinsky gravity models in Figs. 3 and 4 , respectively. The ΛCDM limit can be recovered at λ It is well known that the neutrino masses play an important role in both cosmology and particle physics. From Table II , our numerical results show that the allowed regions for Σm ν in both the exponential and Starobinsky models are 10% released from the ΛCDM model, which are a little different from the conclusions in Refs. [13, 14] , in which the power-law type model has the capacity to have a larger neutrino mass sum. This phenomenon may come from the inclusion of the dynamical background evolution, which shortens the age of 
In addition, the data prefers the age of the universe to be 13.8 Gyrs, even if the dynamical background evolution is included, which means that the best fit of H 0 is reduced in the f (R) models. The effects on t age are cancelled out with each other between the larger value of H 0 and the dynamical background evolution.
As a result, the dynamical evolution of ρ DE in f (R) gravity plays a significant role at the linear perturbation level. Clearly, one should not ignore this when investigating the CMB polarization and LSS formation. 
IV. CONCLUSIONS
We have chosen the exponential and Starobinsky gravity models to represent the exponential and power-law types of the viable f (R) models and explored the effects from the dynamical background evolution when we perform the observational constraints on these models. We have shown that the best-fitted χ 2 values in both models are slightly less than that in the ΛCDM model. Even though the linear perturbation theory of f (R) gravity enhances the matter power spectrum at the small scale by modifying the effective Newtonian constant, the dynamical evolution of ρ DE gives a significant contribution at the low redshift regime and shortens the age of the universe, which equivalently suppresses δ m at the small scale. Clearly, the f (R) enhancement at the small scale is partially compensated when the time-dependent ρ DE is taken into account. As a result, the allowed neutrino masses are different from those predicted in the previous studies [13, 14] . We conclude that the dynamical background evolution is a non-negligible effect in the viable f (R) gravity theories, so that one has to treat the background carefully when f (R) gravity is investigated. Additionally, our conclusion may occur in other kind of modified gravity theories, such as the Horndeski models, which should be studied.
Finally, we have two remarks. First, the model parameters in the Starobinsky model as well as the other power law type models have been strongly constrained by the observations at the scale deep inside the horizon, i.e., the nonlinear cosmological structure region [41] [42] [43] , but fortunately the exponential gravity approaches the ΛCDM model rapidly when R ≫ R ch , with which this type of the models escapes from the fifth force problem, even if λ e ∼ O(1). Second, it should be emphasized that our results of the viable f (R) models based on the linear perturbation work well only for k 0.1hMpc −1 , whereas those for a large value of k of the non-linear regime may not be trustable [20, 44, 45] . Clearly, the dynamical background effect with the non-linear perturbation theory should be throughly investigated in the future.
